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Drift of Buoyant Wing-Tip Vortices

ROBERT C. COSTEN*
NASA Langley Research Center, Hampton, Va.

An exact solution is derived for the trochoidal motion of a single horizontal buoyant vortex drifting under
gravity, and a criterion is given for such vortices to persist. Approximate solutions are obtained for the two-
dimensional drift of buoyant wing-tip vortices descending in a neutrally stable atmosphere where the buoyancy
is achieved by injecting hot gas from the engine exhaust or auxiliary burners into the vortex cores. The vortices
are found to approach each other as they descend. This effect may accelerate their breakup and thus reduce
the period of time when the wake from a large aircraft is dangerous to other aircraft. At low altitudes
the ground effect may dominate and cause buoyant wing-tip vortices to separate instead of approach each other.
Formulas and graphs are presented for calculating these effects, and sample calculations are applied to the

Boeing 747 aircraft. A weakly stable atmosphere should increase the buoyancy and the convergence rate of
descending wing-tip vortices, and a method is presented for calculating the combined effect of core heating and

atmospheric stability.

Nomenclature

A = cross-sectional area of a buoyant vortex core which contains
the vorticity and buoyant fluid, m?
a = nominal radius of oval core of a buoyant vortex, such that
A=ma’>, m
= initial separation of trailing vortices upon roll-up several
wing-spans downstream of aircraft, m
g = gravitational acceleration, m/sec?
P =downward momentum (or impulse) per unit length of a
trailing vortex pair, kg-m/sec
= pressure, N/m?

>

P .
R = (X,Y) position vector in two dimensions of the center of

mass of a buoyant vortex core, m
R, = center of circulation of a vortex, m

r = (x,y) position vector in two dimensions, m

S =area of integration, m? )

Tr = stagnation temperature of the fan exhaust from a fanjet
engine, °K

T, = temperature of the standard atmosphere, °K.
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T» =stagnation temperature of the primary engine exhaust from
a fanjet engine, °K

t =time, sec )

U = velocity of displacement of vorticity such that the circulation
on any circuit which moves with velocity U remains constant,
my/sec

v = fluid velocity, m/sec

v, = uniform flow velocity, m/sec

Wp =mass flux through the primary engine of a fanjet, kg/sec

Wy = mass flux through the fan of a fanjet engine, kg/sec

w  =relative forward airspeed, m/sec

X,Y = Cartesian coordinates for the center of mass of a buoyant
vortex in two dimensions, m

Y» =minimum altitude of an aircraft below which the ground
effect dominates and buoyancy will not bring its trailing
vortices closer together, m

x,y = Cartesian coordinates in two dimensions, m

z  =unit vector perpendicular to the x-y plane and parallel to
the vorticity vector in two dimensions

I =circulation of a vortex, m?/sec

k= TI'?/27%a%bg dimensionless parameter

= buoyancy index defined by equation (4)

= fluid density, kg/m?3

= a constant, or a single-valued function of the pressure, kg/m?

., = density of the standard atmosphere, kg/m?

= contact time for wing-tip vortices made buoyant by initial

core heating in a neutrally stable atmosphere, defined as the
time after generation for the vortex cores to drift into
uniform tangential contact, sec

’

A
P
P
P
T
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’

7’ = contact time for wing-tip vortices made buoyant by descent

through a weakly stable atmosphere, sec
= —gy gravitational potential, m?/sec?

@ . = arbitrary scalar function, m?/sec?

¢’ =scalar function which is constant outside the core of a
buoyant vortex, but arbitrary inside, m?/sec?

¢  =stream function, m?/sec

w = vorticity, sec™!

Introduction

SUGGESTION was made by the author in Ref. 1, page

191, that if the wing-tip vortices of an aircraft were made
buoyant by injecting a lower density fluid into the cores they
would tend to approach each other as they descend and pos-
sibly disintegrate more quickly. The theoretical basis for
this suggestion is presented herein, together with some pre-
liminary calculations. The investigation is applicable to the
general problem of controlling aircraft trailing vortices for
greater flight safety and increased air traffic density. The
trailing vortices are assumed to be made buoyant by heating
the cores with exhaust from the aircraft’s propulsion engines
or from auxiliary kerosene burners on the wing tips. Some
of the exhaust from the outboard engines of existing aircraft
does enter the trailing vortex cores; but ideally for core
heating, the engines would be located on the wing tips, as
has also been suggested for drag reduction in reference 2.

Some effects of buoyancy on trailing vortices have been
treated by Scorer and Davenport® and by Tombach.* In
these treatments the vortices are initially nonbuoyant and
acquire buoyancy during their descent if the atmosphere is
stably stratified. Then, the entire oval cross section of the
fluid that moves with the vortex pair becomes buoyant, except
for external fluid entrained along the upper boundary by the
Rayleigh-Taylor instability. The trailing vortices treated
herein are initially buoyant because of core heating, and the
atmosphere is taken to be neutrally stable. Some considera-
tion is also given to combining the effects of core heating and
atmospheric stability. Another departure of the present
treatment from that of Refs. 3 and 4 is that the drift of the
vortices is derived from an exact equation for the drift of a
single buoyant vortex under gravity, instead of being based
upon the impulse formula for a classical vortex pair. This
exact equation, as derived herein, is a significant advance over
the author’s earlier presentation in Ref. 5 and should supersede
1t.

The theory to be presented is not a stability theory like that
of Refs. 6-9. It is a theory for the two-dimensional drift of
buoyant vortices under gravity—not for their response -to
small perturbations. A stability theory for buoyant trailing
vortices can be developed from the equation of motion to be
presented, but this is not done herein.

Equation for the Motion of Distributed Vorticity

Our formulation starts with the equation for vortex motion
given on page 12 of Ref. 10, and the vorticity equation given
on page 13. When only the terms which are relevant to
buoyant vortices are retained, these equations become

(U —V) X o+ Vplp=Vgp ey
ow/ot — curl(U X w) =0 )

In two dimensions (x,y), with w =Zw, Eq. (2) becomes
dw[0t + divewU =0 3)

and w and U are seen to satisfy the same continuity equation
in two dimensions as p and v. In the form given, Eq. (1)
applies to the motion of vorticity in an inviscid nonbarotropic
fluid which is subject to conservative forces only (such as
gravity).
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The density may be written
©plx,y,t) = p'Il — Ax,»,1)] 4

where either p’ = const or p’ = p’(p) where p’(p) is a single-
valued function of the pressure p. The dimensionless par-
ameter A describes the deviation of the fluid from neutral
buoyancy and is termed the “buoyancy index.” The range
of A is herein restricted to 0 <A << 1. In regions where A =0,
the fluid is neutrally buoyant, and where A = 1, the fluid has
zero density (maximum buoyancy). It follows from Eq. (4)
that

Hp=1/p"+ Alp ®
and Eq. (1) may be rewritten
(U—v) X @+ AVp/p=Vg’ (6)

where the term Vp/p’ has been absorbed into the arbitrary
term, which is now denoted Vg'.
The momentum equation for an inviscid fluid is

Dv/Dt + Vpjp — VO =0 Q)

Solving Eq. (7) for Vp/p and substituting into Eq. (6), we
obtain

- D
(Uwv)xw*A(D—:-Vd)):ch’ (®)

This equation applies to the motion of distributed vorticity in
an inviscid fluid of nonuniform density subject to gravity.

Buoyant Vortex Model

A steady model for an isolated buoyant vortex of circulation
T in a downward gravitational field is depicted in Fig. 1. The
flow is two-dimensional, inviscid, and incompressible, and it
is determined from the vorticity w by the equations

Uy = — 91/1/8}1
v, — oo ©)
2ffox? 4+ 02Y/oy* = w

The lower density fluid and the vorticity are contained within
one of the closed streamlines, as indicated by the dotted
region. The vorticity w within the core is a function of the
stream function i, so that Kelvin’s circulation theorem (Ref.
11, pp. 203-204) is satisfied. Vortex sheets of opposite sense

Fig. 1 Conceptual sketch of the steady streamlines for a buoyant

vortex in an inviscid, incompressible fluid. The vorticity and lower

density fluid are indicated by the dotted region. The fluid within the

closed streamline which passes through the stagnation point moves with
the vortex.
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may occur on opposite sides of the core boundary according
to Bjerknes’ theorem (Ref. 11, p. 247). Figure 1 is only a
conceptual sketch. We assume that some such steady model
exists, although its precise form has not yet been determined.
Fortunately, the equation of drift for such a vortex can be
obtained without knowing the shape of the core or the distri-
bution of vorticity.

Derivation of the Equation for Drift of a Buoyant Vortex

An equation for the drift of an isolated buoyant vortex may
be obtained by integrating Eq. (8) over the core cross section.
Fig. 1 shows the vortex as viewed from a moving reference
frame where the motion is steady. The integration will not
be done in this frame—but in the laboratory frame (x,y) of
Fig. 2 where the vortex is in motion. Inside the core A = con-
stant; outside the core A = w = 0. By Eq. (8), therefore, the
arbitrary function ¢’ = constant outside the core, although
¢’ remains arbitrary inside the core. Integration of Eq. (8)
over the vortex core of area A4 yields

fodes Hvxmds )\H-—-dS—&—)\AVQJ 0 (10)

where the integral of V¢’ vanishes because ¢’ = constant
outside the core. If the center of mass (or centr01d) of the
core fluid R is defined by

{faxpdS
= 11
[T.¢ds an
the third integral in Eq. (10) may be written
f f Srds — AR a2)

Since the circulation T is also conserved according to Eq. (3),
we may also define a center of circulation R, by

1
R, == f f rods (13)
Tt
and the first integral in Eq. (10) may be written

f U X wdS =R, x T (14)
A

The center of circulation R,, need not coincide with the center
of mass R. In general, R, may revolve and vibrate about R.
Neglectmg these internal motions, however, we must have
R, =R and R,, =R if the vorticity and the low-density fluid
are to remain together during translation of the core. Con-
sequently, Eq. (10) becomes with Egs. (12) and (14) substituted

er—ﬂvx«»dS—AA(R—m):o (15)

By Eq. (9), the velocity field v may be written
V=Vg + Vs (16)

where v, is a uniform flow and v, is the self-velocity field of

the vortex. Since [[4v; X wdS =0, Eq. (15) becomes upon
substitution of Eq. (16)
R—Vo)XT — 4R — VD) =0 an
y
|
Fig. 2 Buoyant vortex of core
area A and circulation I" drifting
with velocity R in laboratory
reference frame.
Rt
X
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This new result is an exact equation for the two-dimensional
drift of a horizontal, inviscid, incompressible buoyant vortex
in a uniform flow subject to gravity. Its validity is indepen-
dent of the shape of the low-density core or of the distribution
of vorticity within it. Note that for A =0 (the neutrally
buoyant case) we recover Kelvin’s result that the vortex moves
with the fluid. Equation (17) may be contrasted with Green-
hill’s equation for the drift of a buoyant circular cylinder with
circulation in a fluid subject to gravity, as presented in Ref.
11, pages 79-80. A neutrally buoyant cylinder, of course,
need not move with the fluid.

Solution for the Drift of a
Single Horiantal Buoyant Vortex

Consider now the motion of a horizontal buoyant vortex
in an unbounded fluid which is otherwise at rest and subject
to the downward force of gravity. The x and y-components
of Eq. (17) for this case where v, = 0 are

Y— (Q4T)X =0 (18a)
CTADX+Y+g=0 (18b)

Solution of these equations shows that the path of the centroid
of the vortex core is a trochoid given by

X(t) = a— (Adg/D)t + y cos[(Tt/A4) + €] (19a)
Y)=B8—vy sin[(I‘t/)\A) + €] (19b)

where the constants «, B, v, and € are determined by the initial
conditions. On the average, the vortex drifts to the left with
velocity AAdg/T.

Persistence of a Horizontal Buoyant Vortex

If the Rayleigh-Taylor instability (Ref. 12, pp. 428-480)
should occur on the upper core surface of a horizontal buoyant
vortex, buoyant fluid would tend to escape from the core. In
order to prevent this, we may enforce the condition that the
net outward pressure gradient at all points on the periphery
of the core be greater than zero. However, since the exact
shape and structure of a buoyant vortex is not known, we
shall enforce this condition, instead, on a moving Rankine
vortex in the hope that the result thus obtained will approxi-
mate that for an actual buoyant vortex. This condition for
a moving Rankine vortex of core radius a is

(T2ma*)X +(T?/4n?a®) — g > 0 (20)

Assuming that this formula also applies approximately to a
horizontal buoyant vortex, we shall substitute for X the aver-
age drift velocity given by Eq. (19a) and thus obtain the
condition for persistence

I"?/adg > 4n? 1)

where a is now the nominal core radius of the buoyant vortex
defined by 4 = ma.?

An alternative condition for persistence is that the area of
the core A must not exceed the area of the fluid which moves
the vortex, as indicated in Fig. 1. Enforcing this condition,
again on a moving Rankine vortex, yields another approxi-
mate persistence relation for buoyant vortices

T?/a®g > 7.187%A 22)

For A< 0.557, Eq. (21) is the more stringent condition, and
vice versa. Hence, these two inequalities may be combined
into a single persistence condition for horizontal buoyant
vortices

23)

r_fa  (<0557)
a3g 7.18772A ()\ > 0.557)
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It should be emphasized that condition (23) is based upon
a Rankihe vortex approximation and on the average drift
velocity, with trochoidal oscillations neglected. This con-
dition is intended only to give an order of magnitude for the
constraints on the persistence of buoyant vortices. As Scorer
and Davenport (Ref, 3, pp. 458-460) have shown, using the
Bjerknes equation, vortex sheets of opposite sense may occur
on opposite sides of the core boundary. Consequently, the
vortex may also be subject to the Kelvin-Helmholtz instability
(Ref. 12, pp. 481-514). Although this possibility should be
investigated, some of the buoyant vortices which occur natu-
rally (e.g., tilted severe rotating storms) appear to be stable.

Maximum Average Drift Speed for Buoyant Vortices

For buoyant vortices of nominal core radius @ and buoyancy
index A, condition (23) may be viewed as stating the minimum
allowable circulation for persistence. By Eq. (19a), this
corresponds to a maximum average drift speed in a gravita-
tional field given by

o _ D)t (A< 0.557)
<X”“_{%@Mimw2 (A > 0.557) @4

Equation (24)—like condition (23)—is an approximate result
for a persistent horizontal buoyant vortex:

Drift of Buoyant Trailing Vortices

Equation (17) may be applied to the two-dimensional drift
of buoyant trailing vortices depicted in Fig. 3. The com-
ponent equations for the motion of the centroid of the core
of vortex 1 are

Y+ T/4nX — A4/DX =0 (25a)

TADX +Y+g=0 (25b)

where v, has been replaced by the velocity field —I'/47 X due
to vortex 2. ‘This substitution is valid for a?/X? < 1, where a
is the nominal core radius of the vortices and 2X is the center-
to-center distance of separation. The substitution breaks
down when the vortex cores are near each other for two rea-
sons: a) the velocity field due to vortex 2 then is not approxi-
mately constant across the core of vortex 1, and b) the vortex
cores become highly elliptical in close proximity, as shown in
Ref. 13 with gravity neglected, so that —I'/47 X no longer ap-
proximates the velocity field of vortex 2.  For simplicity, axial
flow within the vortex cores is neglected. Although axial flow
is known to occur in trailing vortices,’**¢ it should not affect
their two-dimensional drift. The coefficients A4 and I" are
taken to be constants. This implies that the vortices are
assumed to be generated in a neutrally stable atmosphere.
Some effects of stable stratification in the atmosphere will be
discussed in a subsequent section.

y

Vortex ll'
x

Contact

Fig. 3 Drift of buoyant trailing vortex cores. (Rate of approach
shown is exaggerated.)
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The initial conditions on vortex 1 are that X(0) =5/2,
Y(@©)=0, and X(0) =7Y(0)=0. Hence, by Egs. (25),
Y(0) = —T'/4=X and X(0) = —AAg/T. Equation (25b) may
be integrated once and, with application of the initial condi-
tions, becomes

TAAX — b/2) + Y+ (T27b) + gt =0 26)
Eliminating y between Egs. (26) and (25a) then yields
(DAANX — b[2) + (T/4m)[2/b) — (1/X)] 4 gt + Q4TI X =0

27)

If the average drift of the vortices is considered, rather than
their short-period trochoidal motion, the X term can be
neglected

TADX — b[2) + (T/4m)[2/b) —(1/X)]+ gt =0 (28)

Equation (28) may be solved for X as a function of .
However, for our purposes it is expedient to solve for the
period of time 7 required for the two buoyant vortex cores to
drift into uniform contact (X = a) after generation, as shown
in Fig. 3.

7 = (I'/mag)[(b/2a) — 11[(1/}) +(a/2b)] 29

Equation (29) gives the approximate contact time 7 for a pair
of buoyant trailing vortices of circulation T, buoyancy index
A, nominal radius g, and initial separation after roll-up b.

The contact time 7 is actually a hypothetical extrapolation,
since the vortex cores are expected to deform and break up
before drifting into uniform contact. According to Ref. 17,
pages 486-489, a symptom of breakup is that the trailing
vortices stop their descent. Therefore, thé time when descent
ceases may be directly proportional to the contact time =
(or proportional to Tcomvinea as defined by Eq. (40) in the sec-
tion entitled “Effects of Atmospheric Stability™).

Result (29) may also be written in nondimensional form

bg|T' = (2/m)[(b/2a) — 1][(b/2a)) + #] (30)

The nondimensional contact time 7bhg/T" is plotted against A
for various values of b/2a in Fig. 4. The value b/2a = 5.076
is a theoretical result obtained for trailing vortices by Spreiter
and Sacks (Ref. 18). But more recent experimental results

10000
8000

6000
4000

100,

Fig. 4 Plot of the dimensionless contact time thg/I" for buoyant
trailing vortices against A for various values of 5/24 [Eq. (30)].
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Fig.5 Plot of the contact time T for buoyant trailing vortices against

) for various core radii a, with parameters (31) used for the Boeing 747

aircraft. Heavy line segments correspond to buoyancy obtained by
heating the vortex cores with the fanjet engine exhaust.

(Refs. 19 and 15) indicate that for a typical wing in clean
cruise configuration, the trailing vortex core radius a is only
one-fourth or one-fifth as large as the Spreiter and Sacks value.
Flaps, spoilers, and wing-tip modifications, however, all en-
large a. Therefore, the curves in Fig. 4 include values of b(2a
ranging from the clean wing experimental value to the Spreiter
and Sacks value. These curves are valid, of course, only when
the persistence relation (23) is satisfied.

Typical contact times are also presented for the Boeing 747
aircraft in Fig. 5, which were obtained by substituting the
values

I = 550 m?/sec
b=468m 31
g = 9.81 m/sec?

If the lifetime is normally about 100 sec (Ref. 17) for the trail-

ing vortices of the Boeing 747 aircraft, then Fig. 5 indicates
that buoyancy can decrease this lifetime by a factor of 5.

Example of Wing-Tip Vortices Heated by
Fanjet Engine Exhaust

Consider a hypothetical modification to the Boeing 747
aircraft which somehow makes the fanjet exhaust go directly
into the cores of the wing-tip vortices. A formula for A as a
function of the engine parameters, core size, and aircraft
speed is then given by

A= {Wel(Te|To) — 11+ Wel(T¢/To) — 1ma*wp,  (32)

Equation (32) is subject to the constraint that only that portion
of Wy and W, which can be contained within the trailing
vortex core of radius @ may be used in calculating A; this
constraint takes the form

WPTP + WFTF < WaszoTo (33)

Evaluating Egs. (32) and (33) for flight conditions which
are characteristic for the 747 aircraft during takeoff, cruise,
and landing (Ref. 20) results in the small range of values

J. AIRCRAFT

plotted along each curve in Fig. 5. With the exception of the
curve for a = 1.154, where relation (33) limits the core heating,
the contact times range from 200 to 400 sec.

One reason that these calculated contact times are not
smaller is that the exhaust from the 5:1 bypass ratio fanjet
engines used on the 747 aircraft is relatively cool. Substan-
tially lower contact times would be realized for the low bypass
ratio, or pure jet, engines proposed for supersonic transports.

Discussion of Trailing Vortex Breakup

As indicated earlier, buoyant trailing vortices are expected
to break up before the cores drift into contact. This expecta-
tion is plausible because breakup could be caused by the
increasing velocity and pressure gradients encountered by
each vortex as it approaches the other. Also, according to
Ref. 7-9, trailing vortices are subject to a kink instability (the
instability of S. C. Crow), which causes the vortex pair to
eventually break up into a row of ringlike vortices which then
quickly dissipate. It is conceivable that making the vortices
buoyant, and thus causing them to approach each other, could
cause the Crow instability to occur more quickly.

A slightly different approach is to inject puffs of hot gas at
about 6-sec intervals to make the trailing vortices nonuni-
formly buoyant. Nonuniform buoyancy could cause the
vortices to approach each other unevenly and thus trigger the
Crow instability and increase its rate of growth. This method
appears to have several advantages over the methods presented
in references 21 and 22 for accelerating trailing vortex break-
up: a) it does not utilize the ailerons or any other control
surface of the aircraft, b) it does not affect the flight charac-
teristics of the aircraft, and c) existing aircraft could be modi-
fied to use this method by the addition of kerosene burners
on the wing tips. Additional fuel would be consumed, of
course, but this could be minimized by use only at critical
times.

Buoyant Trailing Vortices near the Ground

The image method applied to horizontal trailing vortices
near the ground is shown in Fig. 6. The ground effect, which
is important near aircraft terminals, tends to make buoyant
trailing vortices separate. For a given aircraft there exists a
minimum altitude, below which the ground effect is dominant
and buoyancy will not bring the trailing vortices closer to-
gether. In order to calculate this altitude, we may apply
Eq. (17) to vortex 1 of Fig. 6, and substitute for v. the velocity
field due to vortices 2, 3, and 4. The y-component of Eq. (17)
then becomes

X —[TX2/4nY(X? + Y]+ Q4/T)Y + Adg/T =0 (34)

In order to impose the condition that the vortices do not
approach each other after initial roll-up several wingspans

Vortex 1
Fig. 6 Buoyant trailing
R vortices generated at alti-
N ; «  tude Y, where their rate of
/2 b/2 approach is zero.
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Fig. 7 Plot of dimensionless minimum altitude 2Y,/56 for buoyant
trailing vortices against A for various « = I"'2/2m2a2byg [Eq. (36)].

downstream, it is sufficient to stipulate that X(0) =0 and
Y(0) = Y.,z. along with the other initial conditions that X(0) =
b/2 and Y(0) =0. Substituting these initial conditions into

Eq. (34) results in a cubic equation for the minimum altitude
Yn

Y2 + (b*/4) Y, — T2b?/167*da*g = 0 35
In nondimensional form, Eq. (35) may be written
Y,/ +(2Y,/b) — T2 [272%a*bgh =0 (36)

The nondimensional minimum altitude 2Y,/b is plotted
against the buoyancy index A for various values of x=T?/
2m2a*bg in Fig. 7. For the Boeing 747 aircraft with para-
meters (31), the minimum altitude Y, is plotted against A for
various values of the core radius a in Fig. 8. On the same

Y ., meters

bt
e

10

Fig. 8 Plot of minimum altitude Y, for buoyant trailing vortices

against A for various core radii g with parameters (31) used for the

Boeing 747 aircraft. Heavy line segments correspond to buoyancy
obtained by heating the vortex cores with the fanjet engine exhaust.
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figure are also shown the intervals computed for our hypo-
thetical version of the 747 aircraft, where the fanjet exhaust
goes directly into the trailing vortex cores. The range of Y,
thus indicated is from 60 to 80 m. :

An effect similar to the ground effect may also apply to
buoyant trailing vortices above an inversion layer. Although
the ground effect may stop the uniform convergence of
buoyant trailing vortices, the alternative suggested earlier of
injecting intermittent puffs of hot gas may still promote the
Crow instability at altitudes below Y,. Of course, other
methods of vortex control are also available near the ground,
such as fences, jets, and suction ditches.

Effects of Atmospheric Stability

The buoyant trailing vortex calculations presented herein
apply to a neutrally stable atmosphere. ~Where the atmos-
phere is stably stratified, the coefficients A4 and T in Eq. (17)
are no longer constants. Although this important case is not
treated herein in detail, several observations can be made about
the effects of stable stratification.

Scorer and Davenport® and Tombach* have considered the
two-dimensional drift of trailing vortices which are initially
nonbuoyant but become buoyant as they descend through a
weakly stable atmosphere. Except for entrainment along the
upper boundary, the buoyant fluid is distributed uniformly
throughout the nearly elliptical cross section that descends
with the vortex pair. Scorer and Davenport conclude that
the trailing vortices will approach each other until breakup
occurs. However, Tombach, following the treatment by
Turner?® for buoyant smoke plumes, concludes that two
patterns are possible: a) if the circulation decays more rapidly
than the momentum, the vortices separate as they descend to
an equilibrium level, b) if the momentum decays more rapidly
than the circulation, the vortices converge as they descend.

From the formulas used in Refs. 4 and 20 for the impulse
of a vortex pair P, for the Archimedian force, and for dT'/dt
(the Bjerknes equation), it can be shown that

(PdY[dt)[(YdP/dt) < 0.61 37

Consequently, it is impossible for the circulation to fail to
zero more rapidly than the momentum, and the vortices must
converge as they descend in a weakly stable atmosphere, in
agreement with the conclusion of Scorer and Davenport.

A contact time may be obtained from the formulas of Scorer
and Davenport

7 = 1.5[(g/6)(dB/dy)]~* sech™*(2a/b) (38)

where 6 is the potential temperature. An analogous formula
is given by Tombach

7 =2.3[— (g/p)dp/dy) — g*[c*]* (39

where c is the speed of sound and the quantity in the radical
is identical to that in Eq. (38). Equations (38) and (39) apply
to initially nonbuoyant trailing vortices in a weakly stable
atmosphere, while Eq. (29) applies to core-heated trailing
vortices in a neutrally stable atmosphere. The two effects
should combine harmonically; that is, the contact time for
core-heated trailing vortices descending in a weakly stable
atmosphere should be given approximately by

Teombinea == 77" (T + 7) (40)

In these formulas, the weakly stable assumption is important,
for, as mentioned earlier, a strong inversion layer could
possibly, like the ground, make the vortices separate.

Conclusions

Wing-tip vortices, if made buoyant either by core heating
or by descent in a weakly stable atmosphere, should drift to-
wards each other until breakup occurs—except at sufficiently
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low altitudes where the ground effect dominates and causes
the vortices to separate. While this effect could reduce the
lifetimes of wing-tip vortices by a factor of 5, core heating
from high-bypass ratio fanjet propulsion engines is in-
sufficient to cause this large a reduction.

The two-dimensional drift of a single horizontal buoyant
vortex is, in general, trochoidal. However, for the wing-tip
vortices considered, the trochoidal oscillation was negligible,
its period being less than one second. In order for the lower
density fluid to be retained in the core of a horizontal buoyant
vortex against the action of gravity, constraints are imposed
on the circulation, core size, buoyancy, and drift rate.
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